The idea of associating a graph with the zero-divisors of a commutative ring was originated by Beck. The problems concerning zero-divisor graphs have been studied extensively in the past 10 years. DeMeyer and DeMeyer presented some properties for the correspondence between zero-divisor graphs and their semigroups. It is very important to have adequate examples before the complete resolution of this difficult problem. However, the computing cost is enormous even when there are only 6 vertices. We present a program with elaborate optimization and pruning that can solve the correspondence between zero-divisor graphs with 6 vertices and their semigroups rapidly.
Introduction
Beck first proposed the idea of the zero-divisor graph of a commutative ring in [1] . His original main purpose was to study how to color the vertices of the zero-divisor graphs of a commutative ring with the smallest number of colors such that no two adjacent vertices in the graph had the same color. Zero-divisor graphs have been studied extensively in the past 10 years, e.g. problems concerning semigroups in [2] , and nearrings in [3] . [4] also contains a good review.
Throughout S denotes a commutative semigroup with 0 whose operation is written multiplicatively. Associate to S a simple graph G whose vertices are the nonzero zero-divisors of S with any two vertices x, y (x = y) joined by an edge in case xy = 0. Clearly, the zero-divisors of S form an ideal in S. Thus G is a subgraph of the zero-divisor graph of any semigroup containing this ideal.
Recently, DeMeyer and DeMeyer presented some properties and theorems for the correspondence between zero-divisor graphs and their semigroups [5] . It is very important to have adequate examples before the complete resolution of this difficult problem. However, the computing cost is enormous even when there are only 6 vertices. We provide a program with elaborate optimization and pruning that can solve the correspondence between zero-divisor graphs with 6 vertices and their semigroups rapidly.
According to Burnside's lemma, there are 156 essentially different graphs with 6 vertices. Applying the four conditions of Theorem 1 in [5] : conditions (1) and (2) assert that 53 graphs have no corresponding semigroup; condition (4) is strong and eliminates 31 graphs among the rest; finally, condition (3) has no effect and eliminates 0 graphs. Thus, 72 graphs are expected to have corresponding semigroups.
Our C++ program accomplishes a complete search of all possible semigroups that may have the 72 graphs as their zero-divisor graphs. The search is completed in 0.61 seconds CPU running time, with a VC++ 6.0 compiler on a Centrino 1.5G laptop running Windows 2000. The program finds at least one semigroup for 68 graphs. It predicates that, there are 4 examples, whose details are provided in Sec. 3. Our program is available at http://home.sjtu.info/hyz12345678/semigroup.
Algorithm for the Solution
The main framework of our algorithm is DFS (depth-first search): through recursion, enumerate all possible operation tables of the semigroup that is already partially defined by its zero-divisor graphs.
Although we have tried many optimizations, the following two points are indispensable and sufficient for the resolution of zero-divisor graphs with 6 vertices:
(1) As an initialization step, sort the 6 vertices according to the number of edges they have, and DFS the vertex with fewer edges first. (2) Check the associativity whenever it is possible i.e. after the enumeration of one element in the operation table, check associativity immediately. The time cost for such check is quite worthy because associativity is a very strong condition.
Examples
Among the 72 essentially different graphs satisfying the four conditions of Theorem 1 in [5] , there are four graphs that have no corresponding semigroup. Figure 1 displays all four graphs. For displaying purposes, their vertices are distributed hexagonally and numbered from 0 to 5 anti-clockwise.
Proof of One Example
We take Fig. 1(d) as an example. For ease of reference, the six vertices in the graph are labeled from a to f. According to the condition (4) of Theorem 1 from [5] , we derive the Table 1 depicting the product of any two elements, in which the elements inside each bracket Table 1 . Element enumeration of the operation table for Fig. 1(d) .
are all possible products of the corresponding row and column elements. If there is an edge between the corresponding row and column elements in the graph, a 0 is placed to substitute the bracket and to indicate their product is determined to be zero. (1)
From ae 2 = ae or be = a or b, we have e 2 = 0.
The possible values of e 2 are:
(1) e 2 = a: e 2 b = e(eb) = ae or be and from Eq. Then we can draw the conclusion that no element in the set is suitable to be ef. Therefore, all branches of enumerations have been rejected and Fig. 1(d) is proved to have no corresponding semigroup.
